Most homodyne interferometers have a quadrature detector system that includes two polarizing beam splitters that cause nonlinearity of the order of a few nanometers by phase mixing. Detectors should have the same gains to reduce nonlinearity under the assumption that there is no loss in optical components. However, optical components exhibit some loss. We show that nonlinearity can be reduced to an order of 0.01 nm when the detector gains are adjusted by simulation to include the optical characteristics. The compensated nonlinearity is 18 times smaller than that when the four detector gains are set to be equal.
Introduction
As the demand for integration of silicon chips increases, an accurate method for measuring features smaller than 50 nm will be required by the year 2014, 1 indicating that the required national laboratory metrology precision should be guaranteed within approximately 0.4 nm. 2 One of the candidate measurement methods is metrological atomic-force microscopy, which is traceable to national length standards by use of a laser interferometer as a tool for displacement measurement. To guarantee the required precision, the measurement uncertainty of the interferometer should be less than 0.1 nm. Because the nonlinearity of an interferometer used for displacement measurement is one of the dominant factors in measurement uncertainty, the current state-of-the-art nonlinearity of the order of 1 nm should be reduced to even less than 0.1 nm. In this paper we discuss the nonlinearity of a homodyne interferometer.
The major cause of nonlinearity of a homodyne interferometer with a quadrature detector system is phase mixing that is induced by imperfections of optical components such as polarizing beam splitters ͑PBSs͒ and wave plates and by misalignment of the axis of the optics with the polarized beam. [3] [4] [5] [6] [7] [8] [9] [10] Because the alignment can be adjusted as precisely as required, the most important source of nonlinearity is imperfection of the optical components. This nonlinearity has been investigated in many studies that aimed to reduce it by changing the interferometer's configuration. [11] [12] [13] However, as Heydemann pointed out, 3 the precision and accuracy of interferometers with quadrature detector systems are often limited not by the interferometer itself but by the detector systems. To remove nonlinearity, Heydemann, 3 Birch, 4 and Wu et al. 7 fitted a quadrature signal into a general elliptical equation by the least-squares method and calibrated nonlinear coefficients from the calculated parameters of the general elliptical equation before a real measurement was made. Therefore the output of a homodyne interferometer should be calibrated before real displacement measurements are made. Gonda et al. 9 reported a calibrated nonlinearity of the order of 0.1 nm.
Most homodyne interferometers consist of several PBSs and wave plates. Most PBSs have different optical properties with respect to p-and s-polarized beams; that is, there is a different transmittance and reflectance for each perpendicularly polarized beam. And there is leakage of an unwanted beam; for example, a little bit of an s-polarized beam can pass through the p-polarized beam direction, which corresponds to the polarization extinction ratio, i.e., nonzero in a real case, and induces phase mixing. Another factor is optical loss. This optical loss indi-cates that the sum of the transmittance and the reflectance for each polarized state beam does not equal 1. Moreover, wave plates may exhibit retardation error; for example, a quarter-wave plate retards the phase by ͞2 plus the undesired error, ε, in radians. In this study we investigated the effects of optical characteristics of a PBS and a wave plate on the nonlinearity error of the homodyne interferometer with a quadratrure detection system by means of Jones matrix calculations. Figure 1 shows that a homodyne interferometer with a quadrature detector system is divided into two parts: an interferometric part and a detector part. Generally there is one PBS in the interferometric part and there are two PBSs in the detector part. An incident beam passing through a polarizer has two orthogonally polarized beams: p-and s-polarized beams. These two polarized beams as they pass through the interferometer part experience a phase difference that is dependent on displacement and are combined. Then the combined beam enters into the detector by passing through a quarter-wave plate ͑QWP͒. In the detector part the beam is separated into four beams to generate quadrature signals.
Homodyne Interferometer with a Quadrature Detector System
Jones matrix calculation is useful for analyzing the phenomena in an interferometer system. 5 Now we use Jones matrix calculation to consider the optical phenomena of the homodyne interferometer. The electric field of an incident beam passing through a polarizer can be expressed as
where ␣ and ␤ are the amplitudes of p-and s-polarized beams, respectively. The optical components of interest here are half-wave plates ͑͞2͒ with axes at 22.5°and quarter-wave plates ͑͞4͒ with axes at 45°; they are written as
First we assume that the wave plates are ideal, that is, that they are free from retardation errors, and that the angles to the polarized beam are exactly aligned. However, PBSs have different transmittances and reflectances to p-and s-polarized beams, such as (3) where T and R are the transmittance matrix and the reflectance matrix, respectively, of a, and the subscript j indicates the number of the PBS: PBS1 is in the interferometer part and PBS2 and PBS3 are in the detector part. T p and T s mean the transmittance of p-and s-polarized beams, and R p and R s are the reflectances of p-and s-polarized beams, respectively. Under ideal conditions, T p and R s are equal to 1 and R p and T s are equal to zero, but, practically, T p and R s are less than 1 and R p and T s are not equal to zero. Electric field vector Tr emerging from the interferometer part can be written as a Jones matrix as follows:
where vectors Tr 1 , Tr 2 , and Tr 4 indicate the transmitted beam vectors of single-, double-and four-passtype interferometers, respectively. The electric field vectors after they have passed through the PBS have main electric components E i and undesirable components e i . Ideally, e i should be equal to zero; however these undesirable electric fields e i have finite values in practice, so they appear as phase-mixing compo- Fig. 1 . General homodyne interferometer with a quadrature detector system; it has two parts, an interferometer part and a detector. BS, beam splitter; other abbreviations defined in text. nents, where a subscript i indicates the number of detectors:
ͪ . (5) To determine the electric field to be used in the calculation of the intensities to be monitored by detectors we should extract the components, from the vectors including the undesirable components, by means of row vectors whose components are 1 and 0, and 0 and 1, as follows:
In Eqs. 4 , respectively. The first terms on the right-hand sides of Eqs. ͑6͒ are the desired main electric fields, and the second terms are the undesired terms, that is, they denote cross-talk caused by imperfection of the PBSs on the right-hand side. Now we can obtain the intensity signals through a preamplifier with adjustable gain k i :
where i takes values 1-4. The intensity detected on each detector has an almost 90°phase difference from the each other detector. Thus we can obtain two phase-quadrature signals by subtracting the value of one detector from that of another, and the signals can be expressed as
where n is the number of beam passes, A and D are offsets, B and E are amplitudes, and ␦ is the difference from quadrature phase, that is, the phase difference error. To investigate the phase difference we can rewrite Eq. ͑9͒ as
where ␥ appears as a phase-mixing term. From Eqs. ͑8͒ and ͑10͒ we can derive simple conditions for removing cyclic error, such as that A, ␥, and D should be zero and C ϭ E. If these conditions are satisfied, we can obtain the nonlinearity's free phase by using the arctangent of
However, parameters A, ␥, and D are not zero, and C is not equal to E. Thus, from Eqs. ͑8͒ and ͑10͒, the desired phase difference is calculated as follows:
The parameters of the elliptical equation fitted by the Heydemann method 3 show the relationships among A, ␥, C, D, and E, which contribute to the offset from the origin, the difference in major and minor axis lengths, and the rotation of the coordinates of the ellipse. We substituted Eqs. ͑1͒-͑7͒ for the parameters of Eqs. ͑8͒ and ͑10͒, so we can write each parameter in detail as follows:
Here, because T s and R p have very small values, multiplying T s by R p can yield zero. Then, on the basis of the conditions that parameters A, ␥, and D are all zero, and C ϭ E, we can obtain the following conditions for eliminating the nonlinearity error:
If conditions ͑14͒ and ͑15͒ are satisfied, condition ͑16͒ becomes
In addition, if all the optical properties of the PBSs are the same, that is, if
ϭ T s , and R s1 ϭ R s2 ϭ R s3 ϭ R s , the conditions become simpler:
Note that the conditions concern only the optical properties of the PBSs of the detector part, not those of the interferometer part.
In an ideal case there is no loss in PBSs, that is, T ϩ R ϭ 1; thus Eq. ͑14͒ indicates that all gains of detectors should be the same to eliminate nonlinearity. However, most PBSs exhibit some loss; therefore all gains of the detectors should be adjusted with regard to the transmittance and the reflectance.
Simulation
Suppose that the wave plate has no retardation error ε, that all optical alignments are perfect, and that there is no noise when intensities are measured. Then the specifications for a PBS are that the transmittances for p-and s-polarized beams are 95% and 0.01%, that is, T p ϭ 0.95 and T s ϭ 0.0001, and the reflectances for p-and s-polarized beams are 5% and 99.8%, that is, R p ϭ 0.05 and R s ϭ 0.998, respectively. 14 These values mean that the polarization extinction ratios of the PBSs indicate that there is undesired optical leakage, which induces phase mixing, and nonlinearity error. We also note from the polarization extinction ratio that the PBS exhibits loss for the s-polarized beam, that is, T p ϩ R p ϭ 1, but that T s ϩ R s ϭ 0.9981. Even a high-quality PBS has imperfections, as indicated by values given above. Then the ratio of gain is k 1 ͞k 2 ϭ k 3 ͞k 4 ϭ 0.9962, from the extinction ratio obtained by Eq. ͑18͒. Thus, let k 1 ϭ k 3 ϭ 9.96 and k 2 ϭ k 4 ϭ 10. Figure 2 shows the remaining error, ⌬L, from arctangent calculation of ͑I y ͞I x ͒ from 0 to 4:
(19) Figure 2 shows comparisons before and after gain correction: Fig. 2͑a͒ is for a single-pass interferometer, Fig. 2͑b͒ is for a double-pass interferometer, and Fig. 2͑c͒ is for a four-pass interferometer. In Fig. 2 all the highest curves show the nonlinearity error in the absence of gain correction and the all lowest curves show the residual error when the correction is applied. As shown in Fig. 2 , the remaining errors are reduced dramatically, by ϳ18ϫ, after gain adjustment. In the four-pass interferometer, after gain Fig. 2 . Remaining error of the homodyne interferometer with a quadrature detector system. After gain adjustment, the remaining error is dramatically reduced by approximately 18ϫ: ͑a͒ single-pass interferometer, ͑b͒ double-pass interferometer, ͑c͒ fourpass interferometer.
adjustment the remaining error is reduced to ϳ7 pm in the peak-to-peak value. Although the amount of adjustment of the gain is less than 1%, the effect of the adjustment is great. This indicates that the remaining error, on a few-tens-of-picometers level, can be possible only for the single-pass homodyne interferometer with a quadrature detector system. Next, we considered retardation error ε of wave plates. Jones matrix for wave plates W ͑Ref. 15͒ with retardation error ε can be written as
Here, rotation angles are 22.5°and 45°to the polarized beam axis, and retardation ⌫ is and ͞2 for a half-wave plate and a quarter-wave plate, respectively. Retardation error ε is very small, so we can approximate each Jones matrix of the wave plate as
Suppose that the PBSs are perfect, that alignment of all optical components is perfect, and that there is only the error caused by retardation error ε of the wave plate. Then we can obtain the intensity as
Note that there is no phase-mixing term because PBSs are assumed to be perfect. In Eqs. ͑22͒, if the amplitudes of the incident polarized beams are nearly equal, ␣ Х ␤, multiplying retardation error ε by ͑␣ 2 Ϫ ␤ 2 ͒ can cancel out ε because it is very small. Then the retardation error of wave plates disappears and all gains of the detectors are the same, thus removing the remaining error. Therefore, if there is no loss of the PBSs, the same amplitudes of the incident polarized beams and the same gains of the detectors can remove the nonlinearity of a homodyne interferometer with a quadrature detector system.
We obtained the simulation result of a two-cycle error, i.e., a second-order phase error of two cycles per fringe, only in the case of retardation error. Wu and Su 6 pointed out that there is only a two-cycle nonlinearity error caused by phase mixing in a homodyne interferometer, but in our investigation the phasemixing term was so small that the two-cycle error pointed out by Wu et al. was not observed and the two-cycle nonlinearity error was observed only when there was no phase mixing caused by PBSs and there was some retardation error of wave plates. Figure 3 shows the remaining error for only the four-pass interferometer with imperfect PBSs and wave plates with a retardation error ε of ͞500. 16 In this case, after gain adjustment, an ϳ6 ϫ reduction effect could be obtained, and a biased remaining error was calculated.
Finally, we introduced a random noise level of 0.5% when intensities were measured. Figure 4 shows a simulation result of Ϯ0.075 nm in terms of PV value. This result can be available for the fabrication of a more-accurate homodyne interferometer with a quadrature detector system. We intend to verify these simulation results by making appropriate experiments. At least two experiments will be required: one to measure transmittance and reflectance of PBSs in the detector and the other to verify the result of the measurement. For verifying these results, gain-adjustable detector modules are required. These gain-adjustable detector modules can be achieved easily by use of a gaincontrollable preamplifier. But we should be careful with noise. We intend to use a single-pass-type interferometer for easier configuration and faster verification. Fig. 3 . Remaining error of the four-pass homodyne interferometer; all wave plates have retardation error ε in ͞500. When all the gains of the detectors are equal to 10, the PV value is Ϯ0.078 nm, but after gain adjustment the PV value is Ϯ0.013 nm, an ϳ6ϫ reduction. The reduced signal is biased. Fig. 4 . Simulation result of introducing random noise from measuring the intensities; the PV value is Ϯ0.075 nm.
Conclusions
We have used Jones matrix calculation to investigate the remaining error of a homodyne interferometer with a quadrature detector system. Previously, all the gains of quadrature detector systems were considered to be the same. However, to minimize nonlinearity error from the imperfections of optical components of detector systems, one should adjust the gains of the detectors appropriately, depending on the extinction ratio of the PBSs used. For a highquality PBS the amount of gain to be adjusted is less than 1%, but adjusting the gain can reduce nonlinearity dramatically. According to our investigation, there was an approximately 18ϫ error-reduction effect. This gain adjustment method for reducing nonlinearity is also applicable for the case in which there is retardation error of wave plates.
We hope to confirm the validity of this method in the near future by experiments that use a single-pass homodyne interferometer for easy verification.
